We study the dimensions of non-chiral operators in the Veneziano limit of N = 1 supersymmetric QCD in the conformal window. We show that when acting on gaugeinvariant operators built out of scalars, the 1-loop dilatation operator is equivalent to the spin chain Hamiltonian of the 1D Ising model in a transverse magnetic field, which is a nontrivial integrable system that is exactly solvable at finite length. Solutions with periodic boundary conditions give the anomalous dimensions of flavor-singlet operators and solutions with fixed boundary conditions give the anomalous dimensions of operators whose ends contain open flavor indices.
Introduction
Conformal field theories in four dimensions are both ubiquitous and have many potential phenomenological applications (e.g., ). While much progress has been made towards unraveling the structure of theories with lots of supersymmetry such as N = 4 SYM, strongly-coupled CFTs with N = 1 or no supersymmetry remain fairly elusive. In particular, phenomenological applications often depend crucially on the dimensions of unprotected operators, and very few tools are generally available to learn about their dimensions. While some progress has been made recently towards placing general bounds on unprotected quantities [30] [31] [32] [33] [34] [35] , the situation is still unsatisfactory and it is important to develop new techniques to learn about 4D CFTs with little or no supersymmetry.
In order to gain a better understanding of these theories it is very useful to find limits in which simplifying structures emerge. One such limit is that of weak coupling λ 1 (possibly in a dual frame), where perturbation theory is valid. Another is a large-N limit [36] , where the theory becomes planar, and operator dimensions and correlation functions factorize according to large-N counting. In the present work, we will focus on N = 1 supersymmetric QCD with gauge group SU(N c ) in the conformal window 3 2 N c < N f < 3N c [37] . This theory has a large-N limit in the sense of Veneziano [38] , taking N c → ∞ while holding N f /N c fixed. In the Veneziano limit it is additionally possible to take N f /N c arbitrarily close to either edge of the conformal window, where either the electric or magnetic description of the theory has a perturbative Banks-Zaks fixed point [39] and is weakly coupled.
The remarkable lesson of the AdS/CFT correspondence [40] [41] [42] is that large-N CFTs at very strong coupling λ 1 can be described in terms of perturbative string theory in AdS backgrounds. Moreover, the low-dimension spectrum of such theories can often be accurately described by effective field theories in AdS. Unfortunately, this limit is typically only accessible in theories with an exactly marginal coupling, such as N = 4 SYM. By contrast N = 1 SQCD flows to an isolated fixed point, where the 't Hooft coupling is generically expected to be O (1) . A quantitative string-theoretic description of these fixed points is currently lacking, and any such description is generally not expected to admit a traditional effective field theory limit [43, 44] .
The last decade has also seen remarkable progress in understanding certain special theories (including N = 4 SYM and some deformations) at arbitrary values of the 't Hooft coupling. This is due to the property of integrability, which roughly means that the theory has an infinite number of hidden symmetries not manifest in the Lagrangian description (see [45] for a review and many references). Some of the first hints for integrability in N = 4 SYM came from calculations of the action of the 1-loop dilatation operator on closed sectors of operators built out of scalar fields. In [46] it was shown that the 1-loop dilatation operator acting on the SO(6) subsector of scalar operators (closed at 1-loop) is identical to the Hamiltonian for an integrable SO(6) Heisenberg spin chain, which may be diagonalized using a Bethe ansatz. This investigation paved the way to discovering integrability of the full 1-loop dilatation operator of the theory [47] [48] [49] [50] , and was soon generalized to various sectors of the gauge theory at the higher-loop level (e.g., [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] ).
While it would be quite surprising to find higher-loop integrability in a wide range of theories, the success of the above program suggests that potentially interesting structures might lie hidden in other 4D CFTs. Moreover, it is not yet clear precisely what role supersymmetry plays in creating such structures. We believe that it is important to gather more data about how and when simplifying structures can emerge in theories qualitatively different from N = 4 SYM, particularly those with potential phenomenological relevance.
Thus, in the present work we undertake a similar investigation to that of [46] for the Veneziano limit of N = 1 SQCD. We will show that when acting on gauge-invariant operators built out of scalars, the 1-loop dilatation operator (in the electric Banks-Zaks limit, N f ∼ 3N c ) is identical to the Hamiltonian for the 1-dimensional Ising model in a transverse magnetic field. Here each site on the spin chain is occupied by a flavor-contracted (gauge adjoint) "dimer", either QQ † or Q † Q. This is perhaps one of the simplest examples of a nontrivial integrable model, and can be mapped to a system of quasi-free fermionic excitations through a combination of Jordan-Wigner and Bogoliubov transformations. We exhibit the exact solutions at arbitrary finite length for both periodic and fixed boundary conditions, which give the 1-loop anomalous dimensions of operators containing both closed and open chains of scalar quarks.
An important difference between this sector of operators and the sectors typically studied in N = 4 SYM is that the ground state is non-BPS, and receives corrections at each order in perturbation theory. Indeed, simply identifying the 1-loop ground state in terms of elementary fields is a nontrivial task. By contrast, in N = 4 SYM one can consider sectors of operators where the ground state is BPS and its form and dimension is protected to all orders. In such cases, the superalgebra preserving the ground state acts linearly on excitations above it [63] , which is helpful in solving the dynamics and making all-loops predictions for the dimensions of operators [58, 59, [64] [65] [66] [67] . We have not found a similar picture in N = 1 SQCD, and it is not yet clear how one would make precise conjectures about the spectrum deeper into the conformal window even if integrability were to persist.
Another notable difference is that excitations above the ground state in N = 1 SQCD are highly nonlocal collective modes, in contrast to the local magnon excitations typically studied in N = 4 SYM. We expect that similar nonlocal excitations might be present in other theories with a Veneziano limit, such as N = 2 SQCD with gauge group SU(N c ) and N f = 2N c flavors. The 1-loop dilatation operator of this theory was recently explored in [68, 69] , with intriguing but inconclusive results about its integrability properties. We hope that the present study might be useful in better understanding the structures that appear in this and related theories. This paper is organized as follows. In section 2 we discuss the Veneziano limit of SU(N c ) SQCD in the conformal window. In section 3 we derive the form of the 1-loop dilatation operator acting on operators built out of scalar fields, and show that it is equivalent to the Hamiltonian of the 1D transverse field Ising model. In section 4 we review the exact solution to this system at arbitrary length for both periodic and fixed boundary conditions, and discuss the resulting spectrum of operator dimensions. We conclude in section 5.
SQCD in the Veneziano Limit
We will be primarily interested in N = 1 SQCD with gauge group SU(N c ) and N f flavors of quarks, Q ai and Q ıa (i, ı = 1 . . . N f , a = 1 . . . N c ). In the range 3 2 N c < N f < 3N c the theory is believed to flow to an interacting conformal fixed point [37] . The theory has anomaly-free global symmetries
The Veneziano limit [38] corresponds to taking N c → ∞ while holding N f /N c fixed. In this limit the theory contains a single continuous parameter ≡ 3N c /N f − 1, and when 1, the electric description is weakly coupled and one can reliably perform calculations in perturbation theory [39] . The fixed-point value of the 't Hooft coupling then has the expansion [70] 
One can also compute the dimensions of gauge-invariant operators order by order in . A simple example is the chiral meson operator ( QQ) ı i , whose exact dimension is controlled by the superconformal U (1) R symmetry. In this case we have ∆ QQ = 3 2 R QQ = 2 − . Note that the baryon operators decouple in the large N c limit, and will play no role in our discussion.
An important simplification that occurs in the N c , N f → ∞ limit is that computations in perturbation theory are dominated by planar diagrams. Since N c and N f are on the same footing when it comes to large-N counting, one must keep track of both color lines and flavor lines in order to decide if a diagram is planar. As a consequence, the usual large-N factorization story is modified. In the Veneziano limit, operators factorize into products of "generalized single-traces," namely strings of fields that have adjacent color and flavor indices contracted (up to a possible overall trace). Focusing on operators built only out of the scalars Q and Q for simplicity, the basic building blocks of generalized single-trace operators are the flavor-contracted color adjoints X ≡ QQ † and Y ≡ Q † Q. From these, one can construct the flavor-singlet gauge-invariant operators
as well as the flavor adjoint and bi-fundamental gauge-invariants
Other operators built only out of scalars can in general be written as a product of the operators in Eqs. (2.2) and (2.3), and will be referred to as "generalized multi-trace" operators. They have dimensions that are equal to the sum of the dimensions of the constituent single-traces.
Note that operators that are constructed by contracting left flavor indices with right flavor indices, such as a chain of chiral mesons
operators. Their correlation functions and dimensions factorize into those of their constituent generalized single-trace parts. 2 If we further insert an "impurity" into the chain, for example by replacing one of the mesons with Q † Q, then the only nontrivial mixing in the anomalous dimension matrix will occur within the generalized single-trace operator that contains the impurity, QXQ.
3 Consequently, it is unclear how to realize in a nontrivial way the N = 4 picture of a BPS ground state sprinkled with impurities, at least using only scalar quarks.
The operators in Eqs. (2.2) and (2.3) have classical dimensions that are equal to the number of constituent quark fields. At the quantum level, operators carrying the same global symmetry charges can in general mix with each other, and the eigenvectors of this mixing acquire anomalous dimensions that are functions of . At the 1-loop level (leading order in λ ) the above operators mix only with each other and form a closed subsector. At higher loops they can also mix with operators containing fermions, gauge fields, and derivatives. In the following sections we will focus on understanding the dimensions of these operators at the 1-loop level.
3 The 1-Loop Dilatation Operator
Feynman Graphs
Let us first briefly recall how one computes the dilatation operator in perturbation theory. 
i . For us, these will be the generalized single-trace operators of Eqs. (2.2) and (2.3). At nonzero coupling, their twopoint functions have the form
where we have regulated divergences with dimensional regularization. 4 Now, renormalized operators O i with well-defined scaling dimensions ∆ i are linear combinations of bare opera-
, so that two-point functions of renormalized operators can be written where in the last line we have substituted Eq. (3.1). Matching the O(λ 0 ) term and 1/ pole above, we find Z = U − λ 2 U V + . . . , where U is a unitary matrix, and ". . . " represents scheme-dependent finite terms and general terms of higher order in λ. Finally, matching the coefficients of λ log(x 2 ) gives γ = U V U † , so that the 1-loop anomalous dimensions are simply the eigenvalues of V .
Returning to SQCD, we have the task of computing 1-loop corrections to two-point functions of bare operators O i . Such pairs can either be gauge-contracted (e.g. graphs 1(c) and 1(d)) or flavorcontracted (e.g. graphs 1(e) and 1(f)). For gauge-contracted pairs, we must normalize each graph by dividing by the tree-level two-point function N c ∆ 2 xy , where
is the scalar propagator in d = 4 − 2 dimensions. We find, 1(c) : 
For interactions between flavor-contracted pairs, we must divide by the tree-level twopoint function N f ∆ 2 xy . The graph 1(f) vanishes by antisymmetry of the gauge-scalar-scalar coupling. The remaining contribution 1(e) is identical to 1(c), up to overall factors. Once again, the sign flips if we replace Q ↔ Q † , so we find the following contributions to V from flavor-contracted neighbors:
Whenever our flavor-contracted pair is part of a chain of more than two fields, the factor From here, it's easy to read off the dimensions of operators containing two fields. Contributions from flavor contractions vanish, so that the 1-loop anomalous dimension matrix is given simply by Eq. (3.6). The mesons QQ have 1-loop anomalous dimension −λ, consistent with their superconformal R-charge. Meanwhile, both Q † Q and Q Q † have vanishing 1-loop anomalous dimensions, consistent with the fact that the baryon current Q † Q − Q Q † is protected to all loops, while the Konishi operator Q † Q + Q Q † has dimension equal to the slope of the β-function at the conformal fixed point, which has its first nonzero contribution at two loops [72] .
Spin Chain Hamiltonian for General Operators
To discuss more general operators, it is useful to introduce the notion of operators as spin chain states, with V acting as a Hamiltonian. Generalized single-trace operators are built out of strings of gauge adjoints X = QQ † and Y = Q † Q, which we will call up states |↑ and down states |↓ , respectively. In this language, we may write
where σ x and σ z are the usual 2 × 2 Pauli matrices. Then traces Tr(XY X . . . ) of length L correspond to states | ↑↓↑ . . . in a circular spin chain with L sites. For such states, the Hamiltonian is simply a sum of Eqs. (3.8) and (3.9) for each site, 
In the next section we will proceed to diagonalize Eqs. (3.10) and (3.11) in order to obtain the 1-loop spectrum of operator dimensions. Before we do so, let us mention that the generalization of these results to SQCD in the conformal window with an SO(N c ) [37, 73] or Sp(N c ) [74] gauge group (in the Veneziano limit) is entirely straightforward. In both cases, the only difference is that the states with odd parity are projected out (i.e., they vanish identically), but otherwise the Feynman diagrams and spectra of 1-loop operator dimensions are the same.
Solving the Spin Chain

Closed Chains
Eq. (3.10) is the Hamiltonian for a 1-dimensional anti-ferromagnetic Ising model in a transverse magnetic field. Remarkably, this is a textbook example of an integrable model [75, 76] , and we will be able to write down its energy levels and eigenstates exactly. The following solution is standard, but we include it here for completeness. We will study the Hamiltonian
for a magnetic field h acting on a circular spin chain of length L. Since our Hilbert space is a tensor product of two possible states for each site, it's tempting to think of it as a fermionic Fock space, with creation and annihilation operators σ
(σ y n ± iσ z n ) for each position n. This is not quite correct, since these operators commute rather than anticommute at different sites {σ ± n , σ ± m } = 0. The way around this problem is to perform a Jordan-Wigner transformation [77] , defining fermionic creation and annihilation operators:
which now satisfy canonical anticommutation relations
These new creation and annihilation operators are nonlocal on the spin chain, and we can think of them as creating and destroying fermionic solitons.
In these new variables, we have
where
F is the parity operator. Within each parity eigenspace, the Hamiltonian becomes simply
where when P = −1 we must impose periodic boundary conditions c L = c 0 , and when P = 1 we must impose antiperiodic boundary conditions c L = −c 0 . 5 Our Hamiltonian is now translationally invariant and quadratic in creation and annihilation operators, so it can be diagonalized via a Fourier transform and Bogoliubov transformation:
where b † k and b k are new canonically normalized creation and annihilation operators, and
is the dispersion relation for the free fermionic quasiparticles created by b † k . Because of the boundary conditions imposed by parity, the quasimomenta must take the values
for m = 0, 1, . . . , L − 1.
Examples: Closed Four-Field and Six-Field Operators
Specializing to the case of interest, we can now write
where we have used h = N f Nc ≈ 3 near the weakly-coupled end of the conformal window. In addition to having quasimomenta obeying the quantization conditions in Eq. (4.9), states corresponding to traces Tr(XY X . . . ) must be invariant under shifts of the spin chain -in other words they must have vanishing total momentum modulo 2π.
As an example, let us consider four-field generalized single-trace operators, spanned by Tr(XX), Tr(Y Y ), and Tr(XY ). The two-site spin chain has two eigenstates of odd parity, 
It should be clear that the 1-loop spectrum of dimensions for closed operators with arbitrary values of L can be similarly obtained.
Asymptotics
Armed with the explicit expression Eq. (4.10), we can make some interesting observations about the pattern of operator dimensions for large classical dimension ∆ (0) = 2L. In the limit L → ∞, the distribution of momenta becomes continuous, and the highest and lowest anomalous dimensions γ ± for a given L can be approximated as elliptic integrals
Note that |γ ± | becomes arbitrarily large as L grows, so that dimensions of operators with different L begin to cross. Figure 2 shows the dimensions of generalized single trace operators of the form Tr(XY X . . . ) for the first few L and small values of λ 3N c /N f − 1, and we can in fact see level crossing occur when λ 1/(1.542L).
Open Chains
The case of open boundary conditions is slightly more complicated than that of a circular chain, but still exactly solvable at finite length. The solution was first written down by Douçot et. al. in 2004 [78] , and clarified somewhat in [79] . We will study the Hamiltonian
acting on an open chain of length L + 2. Once again, we can diagonalize H with an appropriate Fourier transform and Bogoliubov transformation. However, we must take care with boundary conditions, since the spins at either end of the chain are nondynamical. In 19) where f (k) is to be determined, subject to the condition 
, as is always case for us, Eq. (4.23) has L real solutions k ∈ [0, π], along with an additional "bound state" solution of the form k = π + iγ. Together, the b † k generate a Fock-space with dimension 2 L+1 , which exactly matches the number of states with fixed rightmost spin, say σ z L+1 = 1. Thus, after suitably normalizing our creation and annihilation operators, the Hamiltonian on this subspace can be written in the form Eq. (4.7) . The Hamiltonian on the other subspace σ z L+1 = −1 is conjugate by an overall parity transformation and has an identical spectrum. 
with k subject to Eq. (4.23). As a simple example, let us consider open-chain operators with L = 1. Our quantization condition has two relevant solutions:
Without loss of generality, we can consider states with positive rightmost spin. The highest and lowest energy states both have ferromagnetic boundary conditions, so they will be linear combinations of Q † XQ and Q † Y Q. These correspond to the states 26) which have the anomalous dimensions
Linear combinations of QXQ and QY Q correspond to the remaining states 
Conclusions
In the present work we have shown that the 1-loop dilatation operator of N = 1 SQCD (in the electric Banks-Zaks limit) is equivalent to the 1-dimensional Ising spin chain in a transverse magnetic field, when acting on operators built out of scalar quarks. There are a number of directions that merit further study. One obvious direction would be to study the 1-loop dilatation operator in other sectors of the theory, as well as higher-order corrections.
In particular, one might ask whether the 2-loop dilatation operator in the scalar sector is solvable in any sense. It would be interesting to see if, for instance, a nontrivial S-matrix for the Ising model fermions is induced at 2-loops.
A related direction would be to study the dilatation operator in the magnetic dual description of N = 1 SQCD, which can be computed in perturbation theory when N f ∼ 
Since there is an infinite tower of possible states at each site, it would be interesting to understand if the 1-loop dilatation operator in this basis can be described by a simple noncompact spin chain, as well as to investigate its integrability properties.
The transverse Ising model that we have encountered is one of the simplest examples of a spin chain with a quantum phase transition [75] . The transition from a paramagnetic to a long-range ordered phase occurs at h = 1, or naïvely when N f /N c = 1, outside the conformal window and well outside the regime where perturbation theory is valid. Nevertheless, it is tempting to speculate that this phase transition persists in the full theory, but gets lifted to the bottom of the conformal window N f /N c = 3/2. Studying higher-order corrections and also the dual magnetic description should help to shed light on whether or not this is the correct picture.
Finally, there are many other 4D conformal field theories containing fundamental flavors that possess a Veneziano limit. Studying these theories is important because they help us to break outside of the N = 4 SYM universality class. One particularly simple example is N = 2 SQCD with N f = 2N c flavors, where the 1-loop dilatation operator acting on scalars shares many features with that of N = 1 SQCD [68, 69] . Another example is non-supersymmetric QCD in the conformal window [39] and its many variations. It is an important goal of future research to better understand the extent to which these theories have solvable planar limits, and in particular to understand the role that supersymmetry plays in creating the kinds of simplifying features that have enabled so much progress in unraveling the structure of N = 4 SYM.
